Proof. -Consider the potentials R^" = Gv" for n = 1, 2, ... . Since this sequence of potentials is decreasing, the lim Gv,, = , exists and is a n-» oo nearly superharmonic function, and v, the lower semi-continuous regularizationof v is superharmonic and ^ 0 on U. Further, v = v except on a set of capacity zero ; and in particular, v = 1 on K except for a subset of capacity zero. Now, pv,, = cap(^) < cap(Ki) for all n ^ 1 and hence, the sequence of measures v_ is vaguely relatively compact. Let {v,,} be a subsequence of these measures converging vaguely to a measure u. Clearly, the support of u is contained in K. Further, Gu ^ lim.inf. Gv,, < 1 on U Now if K is of capacity zero, this measure u is necessarily trivial (i.e. 0 measure) and v converges to 0. Suppose cap(K) > 0. It is a wellknown result that when v^ converges vaguely to u, the corresponding potentials Gv converges to Gu in the Cartan-Brelot topology. But by a result of R"-4 M. Herve [4] , Gu is equal to the lower semi-continuous regularization of the lim.inf. Gv^ = r,-hence, v = Gu. It follows that u is the capacitary distribution VK of K.
Hence, we conclude that {v,} has a unique limit point VK (0 if K is of capacity zero). It follows that {v,} converges vaguely to v^, completing the proof of the lemma. Proof. -We note first of all that, for all x e Y, the total mass of the measures v(x,K) is bounded by the capacity of TT^K). Hence, it is enough to prove the result assuming / ^ 0. Using standard monotone class arguments and monotone convergence theorem, it suffices to prove the result for continuous (non-negative) functions with compact support contained in U. Accordingly, let us fix a g ^ 0, continous on U and is with compact support.
Let us first consider the case when the compact set K is a compact rectangle, i.e. K = C^ x D^. In this case the result is obvious since, xeC^, v(x,K) = VD and 0 if x ^ C^. Now, consider the case when K can be expressed as the union of two compact rectangles, say An easy proof by induction shows that the result of the Lemma is valid for all compact subsets which can be expressed as a finite union of compact rectangles.
Let us finally consider the case of an arbitrary compact subset K c Y x. U. It is simple topological fact that there is a sequence of compact sets K^ c: Y x U such that (i) K^ is a finite union of compact rectangles for each n and (ii) K^ decreases with n and n K^ = K. (see for instance, [3] ). Proof. -From the lemma we conclude that the inverse image of every vague Borel subset of M^ is Borel in Y. However, M^ is a Lusin space [7] . Hence it follows that the mapping under consideration is u-Lusin measurable [7] . The lemma is proved using standard monotone class arguments.
The following theorem is an important step in the proof of our main results and also illustrates an important property of non-negligible compact sets (cf. Corollary 2.7). (
Jn^C)
Proof. -In view of the Corollary 1.3, we may assume without loss of generality that x -. v(x,K) is vaguely continuous when restricted to ^(K).
The Green function G(^z) is the increasing limit of a sequence {(pj of continuous non-negative functions on U x U with compact support. Let us r first consider on Y x U, (x,z) -^ (p^,z) v(x,K)(^). Clearly, for every «/ fixed zeU, the above function is continuous on TT^K) and is zero outside of 7Ti(K); and is hence Borel (in fact, upper simi-continuous). Further, if z^eU converges to ZoeU, then (p,(^,zj converges uniformly and boundedly to (p^.Zo) and hence by Lebesgue's dominated convergence theorem,
i.e., the above function is continuous in z for all fixed x e Y.
on Y x U. Hence, using monotone convergence theorem, we conclude that
is measurable on Y x U. Hence, for the given Radon measure ?i, we can find a compact set C c= K such that (i) \(C) > 0 and (ii) (x,z) -> G[v(x,K)](z) restricted to C is a continous function.
Let ^ denote the restriction of 'k to C. Then,
where p(x,C) is the restriction of the measure v(x,K) to the section C^. By Lemma 1.4 x -. p(x,C) is Borel and by the choice of C, ?4 is non-trivial.
To complete the proof of the theorem it remains to verify the condition (i). For x 17ii(C), this is trivial. Assume x e 7ii(C). Then
and the first function in the above equation is continuous when restricted to C^. Since the potential of any measure is lower semi-continuous, we deducethat G[p(x,C)](z) is continuous for z e C^, i.e. the support of the measure p(x,C Proof. -It is very easy to see that c) => b). The fact that b) => a is deduced by recalling that for any compact set C <= U, the capacity of C ^ p(C) for any Radon measure p with support contained in C such that Gp ^ 1 on U. Finally, let us show that a) ==> c).
Suppose K is a negligible compact set c: U 2 . Let n denote the projection to anyone of the coordinate spaces. Let v(z,K) be the capacitary distribution of the section K^, for all ze7i(K). Then, B == {z ; v(z,K)(U)>0} is a Borel subset by Lemma 1.1, and if this set has positive (> 0) capacity, then there exists a compact subset K^ c= B such that cap(Ki) > 0. In particular, the capacitary distribution u^ of K^ is a non-trivial measure with support contained in K^ c 7i(K) and v(z,K)u^ (dz) is a non-trivial admissible measure with support contained in K. This contradicts the assumption that K is negligible Hence, the capacity of B is zero and this completes the proof. The proof is complete.
We shall now extend the definition of negligible sets to polydiscs of higher dimension. This is done by induction on the dimension. Accordingly, assume that compact negligible sets and admissible measures on compact sets contained in any polydisc L^ for k < I have been defined. Now, DEFINITION 2.5. -Let K be a compact subset of \J 1 . We shall say that a Radon measure 'k defined on \J 1 with support contained in K is an admissible measure for K if the following three conditions are verified. A compact set K c= \J 1 is said to be negligible if it cannot support any nontrivial admissible measure.
The following result and its corollary are proved exactly as the corresponding results in dimension 2, and we shall omit the proof. Remark. -Though we have not explicitly mentioned it, consistent with our development the concept of negligible sets for plane domains is that of capacity zero. Further, the above could be done for product of any finite number of bounded domains in the plane ; certainly for polydiscs of differing radii.
The following result is a generalization of a similar result in one dimension [6] . Roughly, it says that suitable inverse images of negligible Borel subsets of U^ cannot be too big. More precisely. Proof. -We shall prove the theorem by induction on the dimension k. The result is true for k = 1, interpreting negligible sets as sets of capacity zero. [6] . Assume that the result is valid for the situation when the dimension of the polydisc < k.
Clearly, the functions (w^,. . .,H^) -> (g^(r\v^),. . .^g^w^)) are continuous for 0 < r < 1. The set Ay being Borel, it suffices to verify that every compact subset of A,, has Lebesgue measure zero. The image of any compact subset of A^ is compact and negligible (c: (aU)^). Hence, for 0 < r < 1, it suffices to verify that the inverse image of every compact negligible subset of (aU^ is of Lebesgue measure zero. In the case r = 1, the corresponding mapping (w^.. .,w^) -> (g^(w^ ...,^j*(Wfc)) is Borel, since each entry is Borel. Hence A^ is also a Borel set. Hence this mapping is m-Lusin measurable. Hence, for a given arbitrary e > 0, we may find a compact subset D c T^L = l^ + • • • + y such that the normalized Lebesgue measure of D > 1 -£ and this mapping is continuous when restricted to D. In order to conclude that A^ is ofm-measure zero, it suffices to show that every compact subset of A^ n D is ofm-measure zero. We conclude that for r = 1 also, it suffices to prove that the inverse image of every compact negligible subset is of Lebesgue measure zero.
The proof can be completed by using the induction hypothesis and Fubini's theorem.
Good functions on the polydisc.
Proof. -Both the properties are known for subsets of C. The proof for subsets of C*, for k > 1, based on induction and Lemma 2.6 is easy and we will omit the details. Proof. -We may if necessary by taking slightly smaller polydisc containing \J k+l , assume that / is in fact, continuous on (ccU)^1. We shall prove the theorem by induction on k. The validity of the result for k = 1 is essentially in [6] ; the proof given there for polynomials easily adapts to the general case. Let us now assume that the result is valid for polydiscs of dimension < k. is a good function on U^+i; where gj(rWj) = ^"(wy) when r = 1. The remainder of the proof is very similar to that of the corresponding result of Sawyer and we omit it.
The following result is a simple consequence of the above theorem. The result is in the spirit of [6] , however, it is somewhat different even in the particular case considered therein. THEOREM 3.6. -Let R(z) == P(z)|Q(z) be a non-constant rational inner function on U^4' 1 (where P and Q are polynomials). Let further R satisfy one of the two conditions : either R e A^"^) and verifies condition Z in a larger polydisc or P and Q both verify the condition Z in a larger polydisc. Let g^, . . .,6^+1 be inner functions defined respectively on U"i, . . .,U"A+I and N = n^ + • • • + ^fe+i. Then, R [j4,. . .,^+1] is a good inner function on LP 4 .
